Abstract: We propose a framework for disturbance attenuation in case of nonlinear systems affine in a multivariable input. Roughly speaking, the underlying idea of our approach exploits the nature of nonlinear systems with a multivariable input. In particular, we extend the system under investigation by additional control possibilities, which were formed out by the socalled mixed Lie brackets. It is shown that this extension is reasonable and may allow to establish special dissipation inequalities by using a certain type of discontinuous feedback law. We illustrate this analysis technique by examples and suggest a synthesis framework for disturbance attenuation which fits very well into this concept.
INTRODUCTION
Since the publication of Brockett's paper (Brockett, 1983) , it is a well known fact that discontinuous feedback laws are more powerful than their continuous counterpart. Indeed, as it was shown in (Clarke et al., 1997) , the class of asymptotically controllable system of the formẋ ¤ f ¥ x¦ u § can only be stabilized if the admissible feedback laws are extended to a certain class of discontinuous feedback laws. In the meantime, it has turned out that many important classes of nonlinear systems with interest in practice, for example nonholonomic mechanical systems, cannot be stabilized by using smooth time invariant feedback laws since they do not satisfy Brockett's necessary condition for smooth stabilization (Brockett, 1983) . Additionally, discontinuity plays a dominant role in the classical calculus of variations and therefore also in the theory of optimal control. Beside these facts, discontinuous feedback laws may naturally appear in the context of nonlinear systems with a multivariable input as it is shown here. In this paper an approach is presented that exploits the nature of nonlinear systems with a multivariable input. In particular, the system under investigation will be extended by additional control possibilities, which were formed out by the so-called mixed Lie brackets. It is shown that this extension is reasonable and may allow to establish special dissipation inequalities by using a certain type of discontinuous feedback law.
The paper is organized as follows. In Section 2 we outline the basic idea of our approach with a first application to stabilization problems. A formal statement of the underlying analysis technique is given in Section 3 as well as an application to a special type of dissipation inequality which form the basis for the disturbance attenuation strategy presented in Section 4. Additionally, some preliminary synthesis results with a special discontinuous feedback law are presented in Section 4. Finally, the results are summarized and critically discussed in Section 5.
3 See (Sontag, 1998b) , Proposition 5.9.10. of the extended system (4), we have to check for all z
Now, one may ask the following question: Can we use condition ¥ 5 § instead of the well-known condition ¥ 3 § to verify that system (1) is stabilizable? If the answer to this question is yes, then this would simplify the process of finding an appropriate function V , because the additional control possibility implies that the sig-
0. This would then constitute a new and less conservative sufficient condition to verify stabilizability that contains the well-known condition (3) as a subcase. And indeed, as a consequence of the results presented in (Knobloch and Wagner, 1984) , the answer to the question can be shown to be a conditional "yes, we can!". Roughly speaking, the results presented in (Knobloch and Wagner, 1984) give the following relationship between system (1) and (4): Any trajectory of the extended (non-physical) system (4) can be 'tracked' by a trajectory of the original (physical) system (1) up to an arbitrary small error ε on a given finite time interval. What is essential, is the fact that this can be achieved by a certain type of discontinuous feedback law. A formal statement of this relationship is given in Section 3. Note that from the procedure above, it should be clear that this technique makes only sense, if we have at least a twodimensional control input u and B¥ x § is not constant. To sum up, we can say that if a CLF for (4) is known, then, for any ε Q 0, one can drive the state of (1) from a given initial position into a ε-neighborhood of the origin and keep it there for all times. This can be achieved by bounded discontinuous feedback, the bound depending upon ε. Finally, let us illustrate the procedure on a simple example. Example 1. Consider the systeṁ
and let us choose
as a CLF candidate. Then we get for the derivativė
and we can see that for the set
is not satisfied and therefore V ¥ x § can not be used as CLF for system (6). However, for the extended system we geṫ
and we havė
z § is a CLF for system (9) which can thus be stabilized with a suitable feedback law on the basis of V
. As a consequence of the results presented in (Knobloch and Wagner, 1984 ) (see Section 3), this implies that the trajectories of the original system (6) can be driven arbitrarily close to the origin by applying a suitable (discontinuous) feedback law. Furthermore, if a local CLF around the origin of system (1) is known, then the original system (1) can be stabilized too.
In the same fashion as outlined above for the stabilization problem, a formal statement of the underlying technique in the more general case of dissipation inequalities is given in the next section.
ESTABLISHING DISSIPATION INEQUALITIES WITH THE HELP OF MIXED LIE BRACKETS

Problem formulation
We consider an affine control systeṁ 
Based on this information, we deal with the problem of designing control strategies in the general form u The idea of our approach is to solve the problem for a new system with extended control possibilitieṡ
whereB¥ z §û is defined aŝ
The following fundamental relation between trajectories of system (11) and (14) is a consequence -not outspoken there -of the results presented in (Knobloch and Wagner, 1984 Proof. For a sketch of the proof see Appendix A.
is in general 'high gain', i.e. if ε is small, than the amplitude of u
One would like to have a more symmetric statement in the sense thatû¥ z § may be time-varying and discontinuous. It would also be desirable to admit (piecewise) continuous specializations of w. These generalizations of Lemma 1 still have to be carried out by a more thorough exploitation of (Knobloch and Wagner, 1984) .
Establishing dissipation inequalities
The application of Lemma 1 to our problem is obvious: If we have t and ε is sufficiently small. This means, that the dissipation inequality (13) holds for our original system (11) if it holds for the extended system (14).
The following examples will demonstrate the usefulness of Lemma 1.
Example 2. The example chosen here is essentially the system discussed by Brockett (Brockett, 1983) , but with an additional drift term 0 0 x 3 T as well as a disturbance w:
where 
G¥ z § w¦
and we have
It is clear that one can find aû positive definite and q¥ x § is an arbitrary negative definite function. This is a more practically relevant application, because the setup corresponds to a disturbance attenuation problem.
This set is unbounded, so one cannot make sure by standard state feedback that a trajectory remains for all times in a bounded subset of the state space. However, for the extended system we have
It can be verified that all three coefficients of this linear form inû R. Thereby we succeeded in finding a control strategy for (18) which is independent upon w and has the following property: Whenever a trajectory reaches the boundary of B it is driven back by an appropriate discontinuous state feedback into the interior of B and stays in the meantime in an ε-neighborhood of B. This of course means that we can keep a trajectory starting at t ¤ 0 in a point x¥ 0 § in the interior of B for all times in an ε-neighborhood of B.
AN ALTERNATIVE FOR A DISTURBANCE ATTENUATION STRATEGY
Local dissipation inequalities
Next, a framework for the design of a disturbance attenuation strategy is proposed. We treat the problem formulated in Section 3.1, under certain hypothesis. First, we assume the following system structurė
where the state vector x is split up into two parts x
x 2 a n 2 , n 2 Q 0. Note that it is assumed that w does not act directly on x 2 . Furthermore, we assume that
i.e. the dissipation inequality (13) holds for the unperturbed and uncontrolled system. From techniques used in (Knobloch, to appear) , it turns out that this hypotheses are meaningful. A control law which is a relevant form from a physical point of view and which meets the demands of Lemma 1 is given by
This feedback can be best characterized as discontinuous 'discretized' state feedback (DSF), where the time interval 
and by this to satisfy (13). Finally, we arrive to a problem which fits very well into the demands we need and which one may call the local form of the dissipation inequality: To find, for sufficiently small
being a solution of (11) for some continuous w satisfying (12).
Therefore, the main problem is to find an open-loop control u
such that the local form of the dissipation inequality (26) is satisfied. Some preliminary results on solving this problem are presented below.
Some preliminary results
First attempts to meet the local dissipation inequality (26) have shown, that it is meaningful to use a control law of the form 1, contribute to the control action regardless how small δ is. Therefore, it is clear that a solution of the dissipation inequality cannot be reached by passing from the integral form (13) to a pointwise dissipation inequality
The analysis leading to control law (27) is an application of the approach to dissipation inequalities for systems of the form (22) as presented in (Knobloch, to appear), see especially Chapter 1,3,5. Furthermore, it is clear that some additional conditions on system (22) are neccessary, which follow from the approach presented here and from the results in (Knobloch, to appear) . Our ongoing as well as future research goal is focused on the derivation of an explicit control law on the basis of (27) by combining the results presented here with the results presented in (Knobloch, to appear) . Finally, to get a feeling how control law (27) will look like, it is illustrated in Figure 1 .
DISCUSSION AND CONCLUSION
In this paper we propose a framework for disturbance attenuation which exploits the nature of nonlinear systems with a multivariable input, in particular a concept which fits very well into the demands of Lemma 1, the backbone of our framework. Lemma 1 gives a relationship between the system under investigation and an extended system in the sense that any trajectory of the extended system can be tracked by a trajectory of the original system. Furthermore, we have shown that Lemma 1 can be applied to other problems, besides disturbance attenuation. Of course, several problems are left open in this work.
The most important one is to derive an explicit control law, which exploits the advantages of the proposed disturbance attenuation strategy. This is our future as well as ongoing research goal.
Appendix A. A SKETCH OF THE PROOF FOR LEMMA 1.
For simplicity of exposition we only consider the case without disturbance. The more general result with disturbance can be shown along the same lines. with x¥ t 0
